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This work details the one-dimensional modeling of the different processes that may
occur during the vacuum filtration of compressible flocculated suspensions. Depending
on the operating conditions of the applied pressure and the initial solids concentration
relative to the material properties of the compressive yield stress and the effective cap-
illary pressure at the air–liquid interface, the dewatering process undergoes a combi-
nation of cake formation, consolidation, and/or desaturation. Mathematical models for
these processes based on the compressional rheology approach are presented and
appropriate solution methods outlined. Results using customary material properties are
given for different operating conditions to illustrate the three dewatering processes.
This approach lays the theoretical basis for further work understanding two- and
three-dimensional effects during desaturation, such as cracking and wall detachment.
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Introduction

Vacuum filtration of flocculated suspensions is a common
industrial dewatering process. In horizontal belt and rotary
drum vacuum filters, for example, cakes are formed on semi-
permeable membranes that are subsequently consolidated
and desaturated due to the applied vacuum pressure. Accu-
rate prediction of such processes allows optimization of the
throughput and final solids concentration of the product.
This improves the efficiency of existing operations, provides
a basis for design of new equipment, and gives improve-
ments and cost reductions in ensuing processes such as the
incineration of wastewater treatment sludge cake or spray
drying of food starch, for example. In the laboratory, vac-
uum filtration is used to study the more general case of cake
drainage behavior.

This work presents a model of one-dimensional vacuum
filtration in which a vacuum pressure, Dp, is applied to a
flocculated suspension of initial solids volume fraction /0

and initial height h0 that is constrained by a semipermeable
membrane at z ¼ 0 (see Figure 1). The vacuum filtration of
flocculated suspensions will undergo any or all of the three
processes depending on the values of Dp and /0 relative to
specific material properties—the two saturated processes of
cake formation and cake consolidation followed by cake
desaturation (or drainage).

Previously unpublished transient results for the vacuum
filtration of calcium carbonate (Omyacarb

VR
2-LU, Omya

California) at a constant pressure of 60 kPa are shown in
Figure 2 to illustrate these different processes. The volume
of filtrate as a function of time is plotted as V2 vs. t, show-
ing linear cake formation up to �4200 s followed by loga-
rithmic decay during cake consolidation up to 5000 s. There
is an abrupt change in the gradient when cake desaturation
begins—the slope increases briefly before decaying again,
indicating multiple mechanisms involved in the desaturation
process.

As discussed below, a model of vacuum filtration that
includes cake consolidation and incorporates fundamentally
sound desaturation physics (with cracking and wall detach-
ment) is required. As a first step, this theoretical work
presents a one-dimensional mathematical model for vacuum
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filtration of compressible particulate suspensions based on
the phenomenological theory developed by Buscall and
White.1 This approach is often termed ‘‘compressional rheol-
ogy.’’ Compressible flocculated suspensions of solids volume
fraction, /, are described as yield stress materials that ex-
hibit network strength at concentrations above the gel point,
/g.

1 The network consolidates locally if an applied pressure
exceeds the compressive yield stress, py(/), at a rate deter-
mined by the hindered settling function, R(/). The saturated
equilibrium solids concentration, /1, is given by Dp ¼
py(/1). Compressional rheology has been used successfully
to model the saturated processes of thickening,2,3 filtration,4,5

and centrifugation6–8 for flocculated slurries. In particular,
the filtration model of Landman and White9 is used here to
describe the saturated processes of cake formation and cake
consolidation.

During air-driven dewatering processes, particulate net-
works also exhibit an effective capillary pressure at the air–
liquid interface due to surface tension and pore curvature. If
the applied pressure exceeds the maximum effective capil-
lary pressure that can be exerted, pmax

cap (/), the network will
desaturate and the air–liquid interface will recede into the
porous solid.10 Thus there are two competing mechanisms
during dewatering using an air pressure gradient, consolida-
tion and desaturation, compared with just consolidation if a
piston is used to compress a particulate network.

The desaturation process involves the movement of a fluid
front at zf(t) through the particulate network due to the
applied pressure. For z � zf(t), the network is completely
saturated. For z [ zf(t), the network is partially desaturated.
A residual amount of fluid will remain in the partially desa-
turated solid due to capillary condensation (that is, fluid is
left behind at point contacts between particles), which is a
function of the local solids concentration. The receding fluid
front approach has been used to model consolidation and
drainage during drying11,12 and centrifugal filtration of sus-
pensions.7,8

This continuum description of desaturation is how a par-
ticulate network would be expected to behave provided that
the network structure that governs the desaturation is the
same as that which governs the saturated cake formation and
consolidation. However, it does not consider the two- and
three-dimensional effects on the desaturating body of crack-
ing or wall detachment, which can be vitally important for

predicting the rate and extent of dewatering, nor fluid move-
ment through the desaturated body due to gravitational drain-
age or percolation. What this work does do is provide a ba-
sis for further understanding of what happens when the body
cracks by separating the expected behavior for the different
process that may occur during vacuum filtration. Most
importantly, it allows prediction of the critical concentration
at which desaturation can begin.

Existing semiempirical models of cake desaturation during
vacuum filtration, such as the work of Wakeman,13 Baluais
et al.,14 and Nicolaou and Stahl,15 describe incompressible
particulate networks as bundles of capillaries that selectively
desaturate with increasing pressure above a critical break-
through pressure. Both air and liquid flow through the par-
tially desaturated body at rates given by a modified Darcy’s
law for two-phase flow. The air-flow can be rate determining
for low flow-rate systems.16 While these approaches have
proved useful in describing the long term desaturation
kinetics for incompressible systems, they do not consider the
consolidation of compressible cakes, such that the cake may
shrink or have a volume fraction distribution, and they don’t
explain the initial increasing filtration rate at the initiation of
desaturation (as illustrated in Figure 2).

An interesting aspect in these models is that the decrease
in equilibrium saturation with increasing pressure is attrib-
uted to the desaturation of progressively smaller capillaries.
The argument is actually the reverse case of mercury injec-
tion porosimetry—due to the nonwetting properties of mer-
cury, it is necessary to apply a pressure to the mercury to
make it enter a porous solid such that the incremental vol-
ume of mercury taken up by the solid as the pressure is
increased allows determination of the pore size distribu-
tion.17 However, the reverse argument for desaturation of a
wetting fluid from a porous solid does not apply. Rather
than more liquid being displaced as progressively smaller
capillaries desaturate, no more capillaries will desaturate
once the largest capillary is desaturated.

In addition, the underlying conceptual analogy is mislead-
ing. Particulate networks do not contain continuous capilla-
ries of a fixed radius but interconnected tortuous paths (this

Figure 2. Constant pressure vacuum filtration results
of volume of filtrate (V2) and slope (dV2/dt) vs.
time for calcium carbonate at 60 kPa.

Figure 1. One-dimensional vacuum filtration.
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is recognized by most researchers and methods have been
developed to extend the capillary analogy to particulate net-
works). The analogy does work well for saturated kinetics of
incompressible materials but does not extend to desaturation
due to the three-dimensional interconnectedness of the net-
work and the partially saturated pores. Pore-scale models
that describe gravitational fluid drainage and imbibition (per-
colation theory,18–21 for example) are beyond the scope for
this work but may be included at a later stage to improve
the prediction of desaturation rates and residual saturation.
The work presented here is a continuum model, not a capil-
lary model, and references to drainage in this text refer to
drainage from the entire body rather than at the pore-scale.

Theory

The vacuum filtration of flocculated suspensions will
undergo any or all of cake formation, consolidation, and
desaturation depending on the values of Dp and /0 relative
to the material properties of py(/) and pmax

cap (/). py(/) is gen-
erally described by a power-law function of / with a high
index,22 whereas pmax

cap (/) is generally of the order of /.10

The two functions intercept at the critical concentration, /cap

(designated as /e by Brown and Zukoski11), which deter-
mines whether a cake will consolidate or desaturate. Below
/cap, a pressure gradient causes the local network to collapse
whereas, above /cap, the network desaturates.

The range of possible processes and their dependence on
/0 and Dp is illustrated in Figure 3:
• If /0 \ /g (Case 1), the initial suspension is un-net-

worked such that the application of a pressure causes a cake
to form on the membrane. Once all the solids are in the
cake, it consolidates until the solids pressure at the top either
equals py(/cap) [Dp � py(/cap), Case 1(a)] or Dp [(Dp \
py(/cap), Case 1(b)]. The cake then desaturates for Case
1(a);
• If /g � /0 \ /cap (Case 2), the initial suspension is

networked and the applied pressure causes it to consolidate
until /[h(t),t] either equals /cap [Case 2(a)] or /1 [Case
2(b)]. The cake then desaturates for Case 2(a); and
• If /0 � /cap (Case 3), pmax

cap (/) is \py(/), such that an
applied pressure causes desaturation immediately. When Dp
[ py(/0) [Case 3(a)], the cake consolidates and desaturates
concurrently. When pmax

cap (/0) \ Dp \ py(/0) [Case 3(b)],
the solids in the cake are immobile and only drainage
occurs. Case 3(b) corresponds to the desaturation of incom-
pressible cakes.

Solid–liquid conservation equations

Gravity can be ignored during formation and consolidation
if the sedimentation rate is significantly slower than the fil-
tration rate, as indicated by their relative time scales, Tfilt
and Tsed

9:

Tfilt
Tsed

� Dqg/0h0
Dp

Rð/1Þ
Rð/0Þ

1� /0

1� /1

� �2

(1)

where Dq is the density difference between the solid and liquid
phases and g is the gravitational acceleration.

It is assumed here that the applied pressure or vacuum is
always significant relative to gravity, therefore with negligi-
ble gravity, the conservation of momentum for the solid
phase of a volume element of saturated suspension at posi-
tion z and time t is9:

@ps
@z

¼ /Rð/Þ
1� /ð Þ2 u� dv

dt

� �
(2)

where ps is the local solids pressure, u is the local solids
velocity, and dv/dt is the specific filtrate rate. Assuming that
the dynamic compressibility is large such that ps equals py(/),

1

Eq. 2 becomes:

@/
@z

¼ /
Dð/Þ u� dv

dt

� �
(3)

where the solids diffusivity, D(/), is defined as:

Dð/Þ ¼ dpyð/Þ
d/

1� /ð Þ2
Rð/Þ (4)

The conservation of solids volume is:

@ /uð Þ
@z

¼ @/
@t

(5)

The initial conditions are:

/ðz; 0Þ ¼ /0

hð0Þ ¼ h0
(6)

Figure 3. Diagram illustrating the processes during
vacuum filtration of particulate suspensions
due to volume fraction dependencies of com-
pressive yield stress and maximum capillary
pressure.
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The membrane is assumed to be impervious to the solid
phase, such that the overall conservation of solids volume is:

ZhðtÞ
0

/ðz; tÞdz ¼ /0h0 (7)

In this work, the membrane resistance is assumed to be
orders of magnitude lower than the cake resistance. Signifi-
cant membrane resistance only affects the rate, not the extent
of dewatering. Therefore, ignoring the membrane resistance
does not change the conclusions of this work. In addition, it
is easily incorporated if so desired. When the membrane re-
sistance is negligible, the consolidation equations are scaled
using the following parameters:

Z ¼ z

h0
HðTÞ ¼ hðtÞ

h0
VðTÞ ¼ vðtÞ

h0
T ¼ D1

h20
t w ¼ h0

D1
/u

P ¼ p

Dp
Dð/Þ ¼ Dð/Þ

D1
Bð/Þ ¼ D1

Dp
Rð/Þ
1� /ð Þ2 ð8Þ

where D1 is D(/1). Notice that the time scales with h0
2/D1.

Doubling the initial height quadruples the filtration time with
obvious consequences for the optimization of filter throughput.
The time is inversely proportional to the diffusivity, such that
materials with high diffusivities dewater quicker.

From Eq. 2, the scaled solids pressure gradient is:

@Ps

@Z
¼ Bð/Þ w� /

dV

dT

� �
(9)

From Eqs. 3 and 5, the local scaled concentration and flux
gradients are:

@/
@Z

¼ 1

Dð/Þ w� /
dV

dT

� �
(10)

@w
@Z

¼ @/
@T

(11)

Case 1: cake formation (/0 < /g)

If /0 \ /g, the application of an applied pressure causes
a cake of scaled height Zc(T) to form on the semipermeable
membrane. The solids volume fraction in the cake varies
from /1 at the membrane (assuming that membrane resist-
ance is insignificant) to /g at the top of the cake. Material
above the cake [Zc(T)\ Z\ H(T)] remains at /0. Cake for-
mation proceeds until all the solid material is in the cake
[that is, Zc(T) ¼ H(T)] at time TF. The boundary conditions
for 0 � T � TF are therefore23:

/ð0; TÞ ¼ /1
@/
@Z

����
0

¼ �/1
dV

dT

/ðZc;TÞ ¼ /g

@/
@Z

����
Zc

¼ �/g � /0

Dð/gÞ
dV

dT
þ dZc

dT

� �
ð12Þ

The exact solution until TF is given by a similarity solu-
tion.23 / is scaled to the void ratio, e(w,T) and E(X), Z is
scaled to the material coordinate, w(Z,T), T is scaled to s,
and D(/) is scaled to d(e) as defined by:

eðw; sÞ ¼ 1

/ðZ;TÞ þ 1 ¼ EðXÞ w � wcðsÞ
e0 w > wcðsÞ

� �
(13)

Xðw; sÞ ¼ w

ffiffiffiffiffi
s
sF

r
where wðZ;TÞ ¼ 1

/0

ZZ
0

/ðZ;TÞdZ (14)

s ¼ T
/1
/0

� �2

(15)

dðeÞ ¼ /2

/2
1
Dð/Þ (16)

X(w,s) is the similarity variable. Substituting these varia-
bles into Eqs. 10 and 11 and simplifying gives the following
nonlinear ordinary differential equation for E(X):

� X

2sF

dE

dX
¼ d

dX
dðEÞ dE

dX

� �
(17)

The appropriate boundary conditions, from Eq. 12, are:

Eð0Þ ¼ e1 (18)

Eð1Þ ¼ eg (19)

dE

dX

����
1

¼ e0 � eg
2sFdðegÞ (20)

E(X) is determined by solving Eq. 17 using a 4th-5th
order Runge-Kutta numerical method24 from X ¼ 1 to X ¼
0 for successive estimates of sF until Eq. 18 is satisfied. The
cake height at the end of formation, HF, is given by the cu-
mulative void ratio:

HF ¼ /0 1þ
Z1
0

EðXÞdX
0
@

1
A (21)

The solutions for cake formation when the membrane
resistance and gravity are significant are presented else-
where.4,5,25

Case 2: cake consolidation (/0 < /cap and Py(/0) < 1)

Beyond TF for /0 \ /g or if /0 � /g, the capillary forces
at the air–liquid interface cause the cake to consolidate. The
scaled solids pressure at the cake surface (which gives the
surface solids concentration) is equal to the scaled capillary
pressure, Pcap(T):

PsðHðTÞ;TÞ ¼ PcapðTÞ ¼ Py /ðHðTÞ; TÞ½ � (22)
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Pcap(T) is given by the Young-Laplace equation scaled by
the applied pressure17:

PcapðTÞ ¼ 2cLV
reffðTÞDp (23)

where reff(T) is the effective radius of curvature of the liquid/
air menisci at the cake surface and cLV is the liquid–vapor
surface tension. Fluid drainage causes reff(T) to decrease and
/[H(T),T] to increase. Pcap(T) increases until it equals the
maximum capillary pressure, which, by thermodynamic
arguments of wetting,10 is:

Pmax
cap ð/Þ ¼

cLV cosHqs �As

Dp
/

1� /
(24)

where H is the receding solid–liquid contact angle, qs is the
solids density, and As is the solids surface area per unit mass.
The derivation of the Laplace-White equation (Eq. 24) is valid
for any internal topology, providing that the network is
uniformly packed in the horizontal direction, and has been
used previously to successfully develop experimental methods
for determining the advancing and receding contact angles of
powders.26–28

The cake remains saturated until Pcap(T) ¼ Pmax
cap (/), as the

pressure required to desaturate the particle network exceeds
the network strength and the cake will preferentially consoli-
date rather than desaturate. The solids velocity at the top of
the cake equals the liquid velocity, such that:

@/
@Z

����
HðTÞ

¼ 0 (25)

Using a forward difference approximation in time, DT, the
scaled differential equations become:

d/
dZ

¼ 1

Dð/Þ w� /
dV

dT

� �
(26)

dw
dZ

¼ /� /\

DT
(27)

where /\ is the value of / at the previous time step.
The volume fraction distribution during cake consolidation

is given at progressive time steps by solving Eqs. 26 and 27
from the membrane (where / ¼ /1 and w ¼ 0) to the top
of the cake for successive estimates of dV/dT until Eq. 25 is
satisfied. An alternative is to iterate using the conservation
of solids. If /1 [ /cap [that is, Py(/cap)\ 1], the cake con-
solidates until, at time TC, /(HC,TC) ¼ /cap, and the cake
begins to drain. If /1 � /cap (that is, Py(/cap) � 1), the
cake will consolidate to equilibrium with /(H1,1)
approaching /1.

Case 3: cake drainage (Pmax
cap (/0)\ 1)

Beyond TC if /0 \ /cap or if /0 � /cap, the cake desatu-
rates as the applied pressure at Zf(T) exceeds the maximum
capillary pressure of the material and the capillary pressure
is \Py(/). The residual moisture content of the cake as the
liquid front recedes through the porous solid phase, Se, is the
ratio of the liquid volume to the total void volume. Se ¼ 1
indicates complete saturation whereas Se ¼ 0 indicates com-

pletely dry solids. Se is a function of the pressure at which
the solid desaturates and is therefore a material property that
is a function of /.

This one-dimensional description of cake desaturation cap-
tures liquid draining through the saturated body, which is gen-
erally immobile [except in Case 3(a)], and ignores the two- and
three-dimensional shear-dependent effects of cracking, includ-
ing both internal cake cracking and detachment from the walls
of the surrounding vessel. While the modeling and prediction of
cracking are beyond the scope of this work, cracking can and is
expected to be very important. This work also ignores evapora-
tive effects,12 which are only significant for long filtration
times, after air breakthrough and for cake drying using hot air.

Assuming that gravity is insignificant, the solids are
immobile during desaturation, such that w is zero throughout
and the volume fraction distribution and cake height remain
at /C(Z) ¼ /(Z,TC) and HC, respectively. The rate of filtra-
tion is determined from the solids pressure gradient and the
liquid volume.

The conservation of liquid volume, in scaled form, is:

ZHC

0

ð1� /CÞdZ ¼ VðTÞ � VC þ
ZZf ðTÞ
0

ð1� /CÞdZ

þ
ZHC

Zf ðTÞ

Seð/CÞð1� /CÞdZ ð28Þ

where VC is the scaled filtrate volume at TC. Differentiating
Eq. 28 with respect to T and rearranging gives:

dZf
dT

¼ � 1

1� /CðZfÞ½ � 1� Seð/CðZfÞÞ½ �
dV

dT
(29)

With w ¼ 0, the scaled solids pressure gradient (Eq. 9) is:

@Ps

@Z
¼ �/CBð/CÞ

dV

dT
(30)

Integrating Eq. 30 with respect to Z from Ps(0) ¼ 1 to
Ps(Zf) ¼ Pmax

cap [/c(Zf)] gives:

dV

dT
¼ 1� Pmax

cap /CðZfÞ½ �
IBðZfÞ (31)

where IBðZÞ ¼
Rz
0

/cBð/cÞdZ, which represents the total fluid

resistance in the saturated part of the bed. Substituting dZf/dT
for dV/dT from Eq. 29 gives:

dZf
dT

¼ � 1� Pmax
cap /CðZfÞ½ �

1� /CðZfÞ½ � 1� Seð/CðZfÞÞ½ �IBðZfÞ (32)

Equation 32 is solved using a Runge-Kutta numerical
method in steps of DT from Zf(TC) ¼ HC until Zf(TD) ¼ 0.

Case 3(b): Drainage Only [/0 � /cap and Py(/0) �
1]. For the case where /0 � /cap and Py(/0) � 1, the cake
does not consolidates as the applied pressure does not
exceeds the network strength, and the cake remains at /0.
The liquid recedes into the porous solid at a rate determined
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by the permeability of the saturated cake with residual mois-
ture due to capillary condensation. From the conservation of
liquid volume, the scaled filtrate volume is:

VðTÞ ¼ ð1� /0Þ½1� Seð/0Þ�½1� ZfðTÞ� (33)

The rate of filtration is given by integrating the scaled sol-
ids pressure gradient (with w ¼ 0 and / ¼ /0) from Ps(0) ¼
1 to Ps[Zf(T),T] ¼ Pmax

cap (/0):

1� Pmax
cap ð/0Þ ¼ /0Bð/0ÞZfðTÞ

dV

dT
(34)

Substituting Zf(T) from Eq. 33, rearranging in terms of
dV/dT and reciprocating gives:

dT

dV
¼ /0Bð/0Þ

1� Pmax
cap ð/0Þ

1� VðTÞ
ð1� /0Þ½1� Seð/0Þ�

� �
(35)

Integrating with respect to V gives an analytical expression
for the time required to reach a given volume of filtrate:

T ¼ /0Bð/0ÞVðTÞ
1� Pmax

cap ð/0Þ
1� VðTÞ

2ð1� /0Þ½1� Seð/0Þ�
� �

(36)

Thus, Eq. 36 provides a method for experimentally deter-
mining the desaturation material properties. Providing that
/0 � /cap and Py(/0) � 1, the intercept of T/V vs. V gives
Pmax
cap (/0) and the slope gives Se(/0). An alternative method

is to differentiate the above expression with respect to V2,
giving:

dT

dV2
¼ /0Bð/0Þ

2½1� Pmax
cap ð/0Þ�

1

VðTÞ �
1

ð1� /0Þ½1� Seð/0Þ�
� �

(37)

Thus, the slope of dT/dV2 vs. 1/V gives Pmax
cap (/0) and the

intercept gives Se(/0).
Case 3(a): Concurrent Consolidation and Drainage [/0 �

/cap and Py(/0) \ 1]. For the case where /0 � /cap and
Py(/0) \ 1, the cake consolidates and drains at the same
time, as the solids pressure at the membrane exceeds the net-
work strength and the pressure at the air–liquid interface
exceeds the maximum capillary pressure. Three zones of
behavior are expected:
• The consolidation zone up to Zc(T), where the solids

pressure equals the compressive yield stress and the cake is
compressing;
• The convection zone of constant concentration, /0,

where the solids pressure is less than the yield stress {vary-
ing from Ps[Zc(T)] ¼ Py(/0) to Ps[Zf(T)] ¼ Pmax

cap (/0)}; and
• The desaturation zone from Zf(T) to H(T).
/ is constant at /0 in the convection zone, therefore, from

Eq. 11, the solids flux, w, is a function of T only. From Eq.
9, the scaled solids pressure gradient in this zone is:

@Ps

@Z
¼ Bð/0Þ wðTÞ � /0

dV

dT

� �
(38)

Integrating from Ps[Zc(T),T] ¼ Py(/0) to Ps[Zf(T),T] ¼
Pmax
cap (/0) and rearranging in terms of Zf(T) gives:

ZfðTÞ ¼
Pyð/0Þ � Pmax

cap ð/0Þ
Bð/0Þ /0

dV
dT � wðTÞ	 
þ ZcðTÞ (39)

H(T) is given by the conservation of solid volume:

HðTÞ ¼ 1

/0

ZZcðTÞ
0

/dZ þ ZcðTÞ (40)

The conservation of liquid volume is:

1� /0 ¼ VðTÞ þ
ZZcðTÞ
0

ð1� /ÞdZ þ
ZZfðTÞ

ZcðTÞ

ð1� /0ÞdZ

þ
ZHðTÞ

ZfðTÞ

Seð/0Þð1� /0ÞdZ ð41Þ

Rearranging and simplifying Eqs. 40 and 41 gives:

ZfðTÞ ¼ HðTÞ þ 1� VðTÞ � HðTÞ
½1� Seð/0Þ�ð1� /0Þ

(42)

For the consolidation zone at time T, Eqs. 26 and 27 are
solved for an estimate of dV/dT from Z ¼ 0 until / ¼ /0,
giving Zc(T) and w(T). Zf(T) is then given by Eq. 39 and
checked against Eq. 42 to improve the estimate of dV/dT.
Steps of DT are repeated until dZc/dT equals zero, when the
cake stops consolidating and the liquid front proceeds into
the cake at a rate given by Eq. 32. To the authors’ knowl-
edge, concurrent consolidation and desaturation have not
been reported in the literature.

Modeling Results

The material properties of actual suspensions must be
measured in the laboratory for accurate predictions of actual
process performance. However, arbitrary material properties
for py(/), R(/), pmax

cap (/), and Se(/) have been used here for
the purpose of illustrating the model formulation:

pyð/Þ ¼ 10
/
/g

 !5

�1

2
4

3
5Pa;where /g ¼ 0:1v=v (43)

Rð/Þ ¼ 109 1� /ð Þ�3:5
Pa:s=m2

(44)

pmax
cap ð/Þ ¼ 105

/
1� /

Pa (45)

Seð/Þ ¼ 0:1 (46)

For these properties, /cap ¼ 0.353 v/v. The model has
been used to give predictions at /0 ¼ 0.05, 0.2, 0.36, and
0.4 v/v and Dp ¼ 4 and 10 kPa (corresponding to /1 ¼
0.332 and 0.398 v/v, respectively), giving the six different

AIChE Journal October 2010 Vol. 56, No. 10 Published on behalf of the AIChE DOI 10.1002/aic 2627



cases outlined in the introduction (see Figure 4). The initial
height is the same in all the simulations (h0 ¼ 0.1 m).

Case 1(a)

The volume fraction distribution and height vs. time
results for /0 ¼ 0.05 v/v and Dp ¼ 10 kPa are presented in
Figure 5. The suspension is initially un-networked. The
results show the cake formation process until tF ¼ 45.1 s,
during which /g � / � /1 for z � zc(t) and /[zc(t) � z �
h(t)] ¼ /0. Beyond tF, the cake consolidates until, at tC ¼
74.1 s, /[h(t)] ¼ /cap, as the applied pressure is [py(/cap).
After tC, the liquid front recedes into the immobile solids
until tD ¼ 138 s.

Case 1(b)

The volume fraction distribution and height vs. time
results for /0 ¼ 0.05 v/v and Dp ¼ 4 kPa are presented in
Figure 6. The results show the cake formation process until

tF ¼ 63.5 s. Beyond tF, the cake consolidates until /[h(t)] ¼
/1 as Dp\ py(/cap).

Case 2(a)

The volume fraction distribution and height vs. time results
for /0 ¼ 0.2 v/v and Dp ¼ 10 kPa are presented in Figure 7.
The suspension is initially networked and undergoes consoli-
dation until, at tC ¼ 524 s, /[h(t)] ¼ /cap. The cake is immo-
bile after tC. The liquid front recedes into the solids as the
applied pressure is[py(/cap), until tD ¼ 1545 s.

Case 2(b)

The volume fraction distribution and height vs. time
results for /0 ¼ 0.2 v/v and Dp ¼ 4 kPa are presented in
Figure 8. The suspension is initially networked. As Dp \
py(/cap), the cake consolidates until /[h(1)] ¼ /1.

Case 3(a)

The volume fraction distribution and height vs. time
results for /0 ¼ 0.36 v/v and Dp ¼ 10 kPa are presented in
Figure 9. As Dp[ py(/0)[ pmax

cap (/0), the process undergoes
concurrent cake consolidation and drainage until, at tC ¼
328 s, dzc/dt ¼ 0. The liquid front recedes into the solids
until tD ¼ 3541 s.

Case 3(b)

The fluid height vs. time results for /0 ¼ 0.4 v/v and Dp
¼ 10 kPa are presented in Figure 10. As py(/0) [ Dp [
pmax
cap (/0), the cake drains but does not consolidate. The pre-

dicted drainage time is tD ¼ 5379 s. The results show that
the rate of filtration increases as drainage progresses, as the
overall resistance of the saturated cake decreases with
decreasing zf(t).

Models of incompressible cake vacuum filtration13–15 pre-
dict that the equilibrium residual saturation is a function of
the applied pressure for incompressible materials, whereas,
thermodynamically, the residual moisture content is only a
function of the solids concentration and the applied pressure

Figure 4. Applied pressure vs. initial solids volume
fraction for the theoretical material.

Figure 5. Numerical modeling results for Case 1(a), /0 5 0.05 v/v, DP 5 10 kPa, and h0 5 0.1 m: (a) volume fraction
distribution results at a given time; (b) height vs. time results (the annotated values correspond to con-
stant concentrations).
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Figure 6. Numerical modeling results for Case 1(b), /0 5 0.05 v/v, DP 5 4 kPa, and h0 5 0.1 m: (a) volume fraction
distribution results at a given time; (b) height vs. time results (the annotated values correspond to con-
stant concentrations).

Figure 7. Numerical modeling results for Case 2(a), /0 5 0.2 v/v, DP 5 10 kPa, and h0 5 0.1 m: (a) volume fraction
distribution results at a given time; (b) height vs. time results (the annotated values correspond to con-
stant concentrations).

Figure 8. Numerical modeling results for Case 2(b), /0 5 0.2 v/v, DP 5 4 kPa, and h0 5 0.1 m: (a) volume fraction
distribution results at a given time; (b) height vs. time results (the annotated values correspond to con-
stant concentrations).
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just determines the rate of filtration. Experimental results do
show changes in average saturation, measured as the volume
of filtrate, with pressure. This can be reconciled with the
model presented here either by suggesting that cake com-
pressibility has been ignored or that the experiment has not
reached equilibrium due to cake cracking. The second phe-
nomenon is illustrated using the model of incompressible
cake drainage presented here to give average saturation as a
function of time, S(t), vs. applied pressure. The results for
/0 ¼ 0.4 v/v are presented in Figure 11. Even at very large
times, a pressure dependence on S(t) remains.

Conclusions

A model for the one-dimensional vacuum filtration of
compressible suspensions has been formulated based on

compressional rheology and a numerical method outlined to
solve the governing equations. Importantly, the process
undergoes cake formation, consolidation, and/or desaturation
depending on the initial concentration and applied pressure
relative to the concentration-dependent material properties of
compressive yield stress and maximum capillary pressure. A
phase diagram was presented to show the interplay of these
processes. The model was used in conjunction with theoreti-
cal material properties to illustrate the different types of
behavior. The cake formation and consolidation components
of the model have been validated, but the drainage model,
while based on well-founded physics, requires experimental
validation and is the subject of ongoing investigation. This
work provides the necessary theoretical foundation for the
experimental observations of the onset of cake drainage and
the drainage rate due to one-dimensional processes.

Figure 9. Numerical modeling results for Case 3(a), /0 5 0.36 v/v, DP 5 10 kPa, and h0 5 0.1 m: (a) volume fraction
distribution results at a given time; (b) height vs. time results (the annotated values correspond to con-
stant concentrations).

Figure 10. Numerical modeling results for Case 3(b), /0

5 0.4 v/v, DP 5 10 kPa, and h0 5 0.1 m.

Figure 11. Modeling results of average saturation vs.
applied pressure as a function of time for /0

5 0.4 v/v and h0 5 0.1 m.
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